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Abstract
An interface between two ﬂuids subject to an external force is hydrodynamically unstable.We extend the Layzer-
type potential ﬂow model for unstable interfaces to the system of ﬁnite density ratio in axially symmetric geometry
and derive analytic solutions for growth rates of unstable interfaces over all times. The analytic expressions for
bubble growth rates at ﬁnite times are given for arbitrary Atwood number. Predictions of the analytic solutions for
growth rates are in excellent agreements with numerical results.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Aﬂuid interface driven by an external force pointing from the heavy ﬂuid to the light ﬂuid or by a shock
wave is unstable. The former is known as Rayleigh–Taylor (RT) instability [14] and the latter is known
as Richtmyer–Meshkov (RM) instability [10]. Both instabilities play important roles in many ﬁelds such
as inertial conﬁnement fusion and supernova. A wide range of literature in this ﬁeld is available and can
be found and traced from Refs. [1–9,11–13,15–17].
The linear stage of small amplitude for the perturbed interface is well understood [10,14]. As the
perturbation amplitude becomes large, the nonlinear structure in the form of bubbles and spikes appears
on the unstable interfaces. A bubble (spike) is a portion of the light (heavy) ﬂuid penetrating into the
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heavy (light) ﬂuid. At later times, a bubble in the RT instability attains a constant velocity, while a RM
bubble has a decaying growth rate. Eventually, a turbulent mixing caused by vortex structures around
spikes breaks the ordered ﬂuid motion [11].
One of earliest, and successful, model for RT-type instability is the potential ﬂow model by Layzer
[9], applied for the case of inﬁnite density ratio. Layzer’s model approximates the shape of the interface
near the bubble tip as a parabola and gives a set of ordinary differential equations to determine the
position, velocity and curvature of the bubble. Since Layzer’s work, the model has been studied by many
people [4,7,8,12,16]. Recently, Sohn [12] and Goncharov [4] generalized the Layzer-type model to the
unstable system of arbitrary density ratio, using different forms of velocity potentials. In this paper, we
extend Layzer’s model to the axisymmetric system of arbitrary density ratio in three dimensions and
derive analytic solutions for growth rates of RT and RM unstable interfaces over all times. The analytic
expressions for bubble growth rates at ﬁnite times are obtained for all density ratios. These results for
ﬁnite time solutions for all density ratios in axisymmetric ﬂows are contrasted with the analytic results
in two dimensions [12], which has been given only for two limiting cases, /′ → 1 and /′ → ∞,
where  and ′ are densities of upper and lower ﬂuids, respectively.
2. Model description
We consider an interface in a cylindrical tube ﬁlled with two ﬂuids of different densities. We assume
that the system is axially symmetric (see Fig. 1 in Ref. [9]) and the ﬂuids are incompressible, inviscid
and irrotational. The ﬂuids are governed by
(r, z, t)= 0 for upper ﬂuid, (1)
′(r, z, t)= 0 for lower ﬂuid, (2)
where  and ′ are velocity potentials. The evolution of the interface, z = (r, t), can be determined by
the kinematic equation and the Bernoulli equation
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where u and v are r and z components of the interface velocity, respectively, and g is an external acceler-
ation.
Extending Layzer’s, we take the potentials of the form
(r, z, t)= a(t)J0(kr)e−kz, ′(r, z, t)=−a(t)J0(kr)e−kz. (5)
Here, k = 1/R where 1 ≈ 3.832 is the ﬁrst zero of the Bessel function J1(r) and R is the radius of the
cylindrical channel. The velocity ﬁelds for each ﬂuid are deﬁned as
q= ∇ for upper ﬂuid, (6)
q′ = −∇′ for lower ﬂuid. (7)
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From Eq. (5), the velocity ﬁelds for upper and lower ﬂuids have the same functional forms and therefore,
satisfy the continuity of velocity component normal to the interface. In axisymmetric geometry, this
condition is of the form, qz − qr/r = q ′z − q ′r/r , denoting q= (qr , qz) and q′ = (q ′r , q ′z).
The Stokes stream functions corresponding to the velocity potentials (5) are deﬁned by

z
=−r 
r
,

r
= r 
z
, (8)
′
z
=−r 
′
r
,
′
r
= r 
′
z
. (9)
Then, from the relation dJ1(r)/dr = J0(r)− J1(r)/r and dJ0(r)/dr =−J1(r), the stream functions are
(x, z, t)=−a(t)rJ 1(kr)e−kz, ′(x, z, t)= a(t)rJ 1(kr)e−kz. (10)
The streamlines generated by (r, z, t) = (r∗, z∗, t) and ′(r, z, t) = ′(r∗, z∗, t), passing through an
arbitrary reference point (r∗, z∗), are given by
z= 1
k
ln
[
rJ 1(kr)
r∗J1(kr∗)
]
+ z∗. (11)
The interface velocity, U= (u, v), is deﬁned as the average of velocities below and above the interface
U= 12 (∇− ∇′) at z= . (12)
We approximate the shape of the interface near a bubble tip as
(r, t)= h(t)+ (t)r2. (13)
Then, from Eqs. (12) and (13), components of the interface velocity are u ∼ −12 ak2e−khr , v ∼
−ake−kh[1 − (k2/4 + k)r2]. Substituting these expressions into Eqs. (3) and (4) and expanding it
up to the second order in r, we have the following equations:
dh
dt
=−ake−kh, (14)
d
dt
= ak2
(
2+ k
4
)
e−kh, (15)
ke−kh
(
+ k
4
)
da
dt
+ Aa2k3
(
+ k
8
)
e−2kh = Ag, (16)
whereA=(−′)/(+′) represents theAtwood number. The differential equations (14)–(16) determine
the dynamics of axisymmetric bubbles in RT and RM instabilities.
3. Analytic solutions
We ﬁrst show that the linear theory of the present model agrees with the result of the linearized Euler
equation. For the RT instability, assuming dimensionless velocity ak3/2g−1/2>1 and dimensionless
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curvature /k>1, the dynamic equation (16) becomes, to the ﬁrst order of these quantities,
da
dt
− 4Ag
k(4+ k) e
kh = 0. (17)
Differentiating this and again using /k>1, we have
d2a
dt2
= Akga. (18)
Thus, for small amplitude linear stage, the interface for the RT instability has an exponential growth rate.
For the RM instability, the linear growth rate for the present model agrees with that of the linearized Euler
equations via the initial velocity.
We now derive analytic solutions of bubbles for ﬁnite times. Eliminating a from Eqs. (14) and (15),
we have
(t)=
(
0 + k8
)
e−2k(h−h0) − k
8
, (19)
where h0 = h(t = 0) and 0 = (t = 0). Note that h0> 0 and 0< 0 for bubbles.
Differentiating Eq. (14) and substituting it into Eq. (16), we have
d2h
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2
2(4+ k)
(
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)2
+ 4Ag
4+ k = 0. (20)
From the relation
d2h
dt2
= d
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8
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,
denoting = dh/dt , Eq. (20) becomes
d2
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− 4[8(1− A)+ (2− A)k]
(4+ k)(8+ k) 
2 − 32Ag
k(4+ k)(8+ k) = 0. (21)
For rational values of Atwood numbers, A = q/p, 0<A< 1, this equation is integrated to yield the
solutions
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[
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k
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where
T (h)=
(
40 + k2
)
e−2k(h−h0) + k
2
, W(h)= (80 + k)e−2k(h−h0),
(h)=
∑
i
1
	p−qi
ln (T 1/p − 	i), 	i = {roots of polynomial 2zp − k},
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and T0 = T (h0),W0 =W(h0) and 0 =(h0). From the solution (22), the height of bubble tip at time t
is implicitly given by
t (h)=
∫ h
h0
(
2kW 0T (
)A
F (
)
)1/2
d
, (23)
where
F(
)= Ag[(2− A)W0W(
)((
)−0)+ 2(W0T (
)A − T A0 W(
))] + 2k20T A0 W(
).
Thus, we obtained analytic solutions for  and  over all times for all rational values of A. Giving the
bubble height h, time t is determined by Eq. (23),  by Eq. (19), and  by Eq. (22).
The solutions for limiting values of A are
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One can easily check that solution (25), taking the initial conditions h0 = 0 = 0 = 0, recovers Layzer’s
result (Eq. (50) in Ref. [9]). For A→ 0 and A= 1, the relations of the bubble height h and time t can be
given similarly as the case for the rational values of A. Therefore, the analytic solutions for ﬁnite times in
axisymmetric ﬂows are given for (almost) all Atwood numbers. It is interesting that, in two dimensions,
the ﬁnite time solutions are obtained only for two limiting values of Atwood numbers, A→ 0 and A= 1
[12].
The asymptotic solutions for bubbles can be obtained by taking the large time limit in the ﬁnite time
solutions. The resulting solutions are, for the RT instability (g = const> 0),
bbRT →
√
AgR
1
, bbRT →−
1
8R
(26)
and, for the RM instability (g = 0),
bbRM ∼
R
1t
, bbRM →−
1
8R
. (27)
The asymptotic solution (26) and (27) agree with the results in [12], which were derived in different way.
It is well known that, for the inﬁnite density ratio case, a spike has no vortex structures of roll-up, so
that the potential ﬂow model is directly applicable to the spike for the system with A = 1. Therefore,
solution (25) with initial conditions h0< 0 and 0> 0 describes the evolution of spikes. Taking kh>−1,
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Eq. (25) gives the asymptotic solutions of spikes for RT and RM instabilities for A= 1
dspRT
dt
→−g, spRT →∞, (28)
and

sp
RM → 0
√
80R + 21
80R + 1
, 
sp
RM →∞. (29)
Therefore, a RT spike falls down freely and a RM spike reaches an asymptotic constant limit which
depends on initial conditions. Note that the asymptotic solutions of RT and RM spikes in two dimensions
are given in [16].
4. Validations
The analytic solutions obtained here are validated by comparing with numerical results. Numeri-
cal simulations for RT and RM instabilities in three dimensions are very rare. Recently, Glimm et
al. [3] presented the numerical results for the RT instability in cylindrical geometry. The numerical
simulations in Ref. [3] are performed for compressible Euler equations by the front tracking
method.
Fig. 1 shows comparisons of the asymptotic solution for RT bubble velocity (26) with the numerical
results taken from Ref. [3]. The physical parameters used in Fig. 1 are g = 0.14 and R = 12 . The Atwood
numbers are A = 13 for Fig. 1(a) and A = 35 for Fig. 1(b). From Fig. 1, we see that predictions of the
asymptotic solution from the present model are in excellent agreements with numerical results for both
cases of small and large Atwood numbers.
Due to the lack of numerical simulations in three dimensions, the validation of analytic solutions for
the RM instability has not been performed in this study. Further numerical simulations and the validation
study for such system are called for.
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Fig. 1. Comparison of RT bubble velocity. Atwood numbers are (a) A= 13 , (b) A= 35 . The physical parameters are g= 0.14 and
R = 12 . Solid lines correspond to the asymptotic solution of the present model; dashed curves are numerical results taken from
Ref. [3].
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5. Extensions to higher order
The present model can be reﬁned by including higher order terms in dynamical equations. The interface
and velocity potentials are generalized as
z(r, t)=
n∑
j=0
zj r
2j , (30)
(r, z, t)=
n∑
j=1
aj (t)J0(kj r)e
−kj z, (31)
′(r, z, t)=−
n∑
j=1
aj (t)J0(kj r)e
−kj z, (32)
where kj = j /R and j is the zeros of the Bessel function J1(r). In Eq. (30), z0 and z1 correspond to
h and  in Eq. (13), respectively. Substituting Eqs. (30)–(32) into the dynamic equations, one can derive
the higher order equations. The expressions of these equations are lengthy and are not given here.
We compare the fourth-order solutions, taking n= 2 in Eqs. (30)–(32), with solutions (26) of second
order. The equations up to fourth order are a set of ﬁve equations for variables z0, z1, z2, a1 and a2. Solving
numerically for the RT instability in Fig. 1, the solutions from the fourth order equations converge to
 → 0.0807 for the case of A= 13 and  → 0.106 for the case of A= 35 . The relative differences of the
second order and the fourth order asymptotic velocities are 3.2% for A= 13 and 1.2% for A= 35 . We see
that the solutions are slightly reﬁned, but the higher order corrections are not very signiﬁcant, especially
for largeAtwood number. Therefore, the analytic solution (26) gives a simple and good prediction for the
asymptotic growth rate of RT bubble, without including higher order contributions.
6. Conclusions
We have studied the potential ﬂowmodel for the unstable interfaces of arbitrary density ratios in axially
symmetric ﬂows and presented the analytic solutions of growth rates for interfaces for all times. The
analytic expressions for bubble growth rates at ﬁnite times are obtained for arbitrary Atwood numbers.
The comparisons of the solutions from the present model and the results from numerical simulations
show that the Layzer-type model provides good predictions for the evolution of axisymmetric unstable
interfaces of ﬁnite density ratios.
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